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Abstract 
In the present study the numerical model of the pile embedded in the unsaturated substrate was proposed and tested. The 
solutions complemented the state of knowledge of the single pile loaded by bending moment in its head, horizontal forces and the 
environmental influences. The investigated reliability problem was defined by the union of failure events defined such: the 
excessive horizontal displacement of the pile head, the rotation beyond the limit state and maximum tensile stress in a pile 
material. The analytical model of water flow in the unsaturated soil was used. The profile of suction allowed to estimate the 
complete description of layers above the groundwater table. Flac 3D was used for modelling presented task. The main part of 
problem is reliability analysis of a single pile in complex environment. Due to the lack of analytical solutions the computations 
were done by the method of response surface in conjunction with based on polynomials regression. The Ditlevsen's bounds were 
taken into account for the calculation of system’s reliability. 
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1. Introduction 
 The objectives of the paper are single piles subjected to lateral loads and bending moment under complex 
environmental influence. The single piles are commonly used as supporting structures for power transmission lines 
and elements of sound-absorbing barriers. They are embedded by different kinds of technology in natural subsoil. 
The aim of this paper is to show procedure of property modelling the unsaturated material of subsoil in classical 
Flac 3D program of finite difference method (FDM). Then reliability of piles on the base of both serviceability and 
load limit state is considered. An overview of the computational methods dealing with laterally loaded piles is given 
in the book by Reese and Van Impe (2001) as well as in the paper by Fan and Long (2005). However, taking into 
account relatively large sensitivity of pile bearing capacity and displacements on the variation of soil properties as 
                                                          
* Corresponding author. Tel.: +48-695-147-715; fax: +48-695-147-715. 
E-mail address: mateusz.stach@pwr.edu.pl 
 2014 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/3.0/).
Peer-review under responsibility of organizing committee of the XXIII R-S-P seminar, Theoretical Foundation of Civil Engineering (23RSP)
311 Janusz Kozubal et al. /  Procedia Engineering  91 ( 2014 )  310 – 316 
well as loading fluctuations a deterministic analysis may occur inadequate. This shortcoming can be overcome be 
implementing probabilistic methods. In most cases, from the point of view of the designer, the limiting conditions 
that govern the design procedures are most significant. In the case of laterally loaded piles the horizontal 
displacement at the pile’s head as well as the maximum bending moment must not exceed an allowable value. One 
of the important contributions to addressing this problem in conjunction with the probabilistic approach was 
presented in the paper by Tandjiria et al. (2000).  
 Since seventies, several numerical procedures have been developed to deal with uncertainties and variability in 
engineering applications (FORM, SORM, Monte Carlo simulations, neural networks, fuzzy sets, response surface 
method, etc.). The main goal is to estimate the reliability index ȕ related to designing parameters, such as the limit 
load or serviceability states. To this end, the response surface method (RSM) has been largely applied. This method 
works efficiently when applied to physical problems solved by means of numerical methods and whenever few 
variables are taken into account. 
2. Vertical matric suction profiles 
Dealing with unsaturated soils the vertical water flow during infiltration and evaporation phases is considered. It is 
connected with climate cycles in temperate and dry zones. There has been observed significant changes in the matric 
suction in relation to the hydrostatic profile, especially for cohesive soils. In the present study the problem of steady-
state flow corresponding to averaged values over periods with similar characteristics infiltration or evaporation is 
under consideration. Variability in soil suction depends on the shape of the experimentally tested soil water 
characteristic curve (SWCC) and the degree of saturation. For different types of SWCC shape is strongly dependent 
on the pore size that in the present approach is described by parameters Į and n. The range of their values proposed 
by Van Genuchten (1980) and Griffiths and Lu (2004) has been shown in Table 1, where three basic types of soil are 
distinguished. Especially large variations can be observed in the case of hydraulic conductivity ks. 
The Darcy low for unsaturated soil gives: 
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where: q is vertical unsaturated flow rate, k denotes unsaturated hydraulic conductivity depending on matric suction, 
ua is the pore air pressure, uw is water pressure, Ȗw denotes the unit weight of water and the quantity ሺݑ௔ െ ݑ௪ሻ is 
called matric suction. To describe the characteristic of unsaturated soil hydraulic conductivity, Gardner's model 
(1958) is used: 
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where: ks is the saturated hydraulic conductivity (m/s) and Ƚ denotes inverse of the air entry pressure (kPa-1). This 
model has been widely used. By means of equations (1) and (2), boundary condition for location of water table (z = 
0) and assumption of steady-state flow q, the following analytical solution can be obtained: 
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where Ȳ ൌ ݑ௔ െ ݑ௪ is the difference between pore air pressure ua and water pressure uw that gives the value of 
matric suction. Table 2 shows the values of flux ranges for the evaporation and the infiltration characteristic for the 
continental temperate climatic zone type D (by Köppen climatic scale), where values are calculated to compare aim 
to the day and year time scale. These values were used to calculate flux influence in the presented further example 
for horizontal loaded pile. 
     The suction Ȳ values were shown by selecting two common types of soils. Typical values of pore and water 
conductivity parameters (in accordance with Table 1) are the following: silt Į=10-2 kPa-1, ks=10-7 m/s , clay Į=10-3 
kPa-1, ks=5·10-9 m/s. 
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Table 1. Range of soil parameters for various soils.  Table 2. Range of infiltration (-) or evaporation (+) rates.  
 
 
 
 
 
Homogeneous types of substrate and stable ground water level 
on 6 m depth under surface of ground were assumed. For two selected soil cases (silt and clay) height above ground 
water level versus matric suction were examined.  The results are presented in Figure 1. Climatic changes are de-
scribed by flux values varying in the interval of ۃെͳͷ͹͸Ǣ ͳͷ͹͸ۄȀ. 
 
 
Fig. 1. Suction profiles above ground water level for various values of infiltration and evaporation for: a) silt with parameters: 
Į=10-2kPa-1, ks=10-7 m/s for evaporation (circles) and infiltration (dots), b) clay with Į=10-3kPa-1, ks=5·10-9 m/s for evaporation 
(circle) infiltration (dots). 
3. Model description 
A single pile is modelled in three-dimensional space using the FLAC 3D program (FDM) as shown in Figure 2.  
 
Fig. 2. (a) The cross-section by the symmetry plane of the model with mechanical and hydrological boundary conditions, (b) the 
top plane of model with boundary conditions, (c) the isotropic view of the model with description dimensions and direction of 
lateral force. 
 
The pile was modelled by a cylinder, which length was L = 8.0 m. The diameter, of the circular cross-section of the 
pile, has been kept constant as D = 0.60 m. The width of the model is 20.0m, the height 12.0m. The constitutive 
relationship for the soil in an incremental elasticity form can be written after Fredlund and Rahardjo (1993) by two 
independent elasticity parameters: 
soil type n [ ] Į [kPa-1] Sr [%] ks [m/s]
sand 4—8.5 0.1—0.5 5—10 10-2—10-5
silt 2—4 0.01—0.1 8—15 10-6—10-9
clay 1.1—2.5 0.001—0.01 10—20 10-9—10-13
flux [m/s] q flux [mm/day] q  flux [mm/year]
-2.38 10-8 -2.06 -750 
-1.15 10-8 -1.00 -365 
0 hydrostatic 0 0 
5.71 10-9 0.49 180 
1.15 10-8 1.00 365 
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where:ߪ௜௝ are components of the total stress tensor for the soil, ߪ௞௞ ൌ ߪ௫ ൅ ߪ௬ ൅ ߪ௭, ߜ௜௝ is the Kronecker delta, E is 
the elasticity parameter for soil structure with respect to change in the net normal stress, H is the elasticity parameter 
for the soil structure with respect to change in matric suction and Ȟ is Poisson’s ratio. In the illustrative example the 
elastic modulus E = 100 MPa and a Poisson's ratio Ȟ = 0.30 were assumed. The modulus H is modelled by a 
coefficient of thermal expansion. The matric suction is simulated by temperature fixed field (Fig. 3). A similar 
structure of equations allowed to use available in the FLAC 3D program tools. The lack of heat flow is ensured by 
chosen boundary conditions. However, it is possible to perform the test for correlated flow and stress fields. The 
temperature distribution was equivalent to values of suction determined for the profile. Pile is made of concrete, 
with a modulus of elasticity E equals 25 GPa and a Poisson's ratio Ȟ is equal to 0.20. 
 
 
Fig. 3. Case of suction profile in cross-section along of the symmetry plane, in the left upper corner miniature of 3D model. 
4. Response surface as a method for approximating the limit state function 
The explicit form of the limit state functions is seldom available. Therefore in order to evaluate reliability measures 
the response surface method (RSM) is often applied. The RSM was used for the reliability analyses of structural 
engineering problems in nineties by Engelund and Rackwitz (1992). Since then it has been applied to numerous 
fields of knowledge and it is exhaustively described in several monographs (e.g. Box & Draper 1996). In general, 
this method consists on approximating an unknown function through an assigned known function. The known 
function can be drawn from the results of numerical computations. In this case, a relationship between the model 
parameters that are input data x1, x2, ...xN, and the output data  y = f (x1, x2, ...xN) is defined. Hence, a cumbersome 
numerical procedure is replaced by a simple analytical relationship. Accordingly, the approximated limit state 
functions are described by the following non-linear regression models: 
 ppp errbpxfLS  ,  ሺͷሻ
where index p corresponds to the specific state function (e.g. horizontal displacement of head), x is a vector of N 
independent variables which were used in the problem under consideration, b is a vector of k unknown parameters 
of the regression model, and err is a random variable describing the estimation error. The components of the vector 
b are determined by minimizing the sum of the squared differences between the given and the predicted LSp,i values: 
   ¦  
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where x represents the vector of the input data and i is the number of examined configuration of variables x, the 
314   Janusz Kozubal et al. /  Procedia Engineering  91 ( 2014 )  310 – 316 
values of ܮܵ௣ǡ௜(x) are the approximated values according to Eq. (5) and LSp,j(x) are the known computed values. 
 
In the analyzed example, the failure may occur due to not satisfying either the ultimate limit states or serviceability 
limit state. However, within this study solely serviceability limit states are analyzed.  There were selected following 
scenarios: the excessive horizontal displacement of the pile head dmax [m], the rotation beyond the limit state Ĭmax 
[rad], and maximum tensile stress in a material pile fctd [MPa]. Occurrence anyone of the above events is understood 
as a failure of the structure. Therefore the following probabilities have to be found: 
^ `iii uFPFP ! )(  3,2,1 i  ሺ͹ሻ
where u1 = dmax [m] is the maximal horizontal displacement of the pile head, u2  = Ĭmax [rad] is the maximal rotation 
of the pile head and u3  = fctd [MPa] is the maximum tensile stress in a material pile. An alternative reliability 
measure to the failure probability is the reliability index E that can be defined by the following equation: 
Fp ) )(0 E  ሺͺሻ
where )0 is cumulative distribution function of one-dimensional standard normal distribution. Suggestions 
regarding values of E for different geotechnical engineering problems given by ISO 2394 (1998).  
EN (1990) and JCSS 2001 are shown in Table 5. 
5. The probabilistic case study and discussion of results 
In the example three random variables were selected: horizontal force acting in the pile head (F), height of pile head 
(Hp) and the flow rate (q). Variables F and Hp were chosen based on previous numerical experiences and 
environmental impact q is the quantity that were not considered as random variables in earlier studies. 
Characteristics of random variables are given in Table 3. 
 Table 3. Characteristics of random variables considered in numerical analyses. 
Random variable Range Mean value P Standard
deviation V 
Distribution 
infiltration/evaporation  q [mm/year] - -192,5 38,5 normal 
lateral force F [kN] 1000 - 5000 3000 600 beta 
height of pile head Hp [m] 0 - 1,0 0,5 0,1 beta 
 
The third degree polynomials were used to describe the response surface with parameters listed in Table 4: 
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where i indicates response surface, respectively: i = 1 – horizontal displacement of the pile head, i = 2 – the rotation 
of the pile head, i = 3 – tensile stress in the pile, and x denotes variables: x1 – horizontal force in the pile head F 
[kN], x2 – height of pile head  Hp [m], x3 – flow on the ground level q [mm/year].  
Table 4. The values of the polynomials describing the response surface.  
i ai0 ai1 ai2 ai3 ai4 ai5 ai6 ai7 ai8 ai9 ai10 ai11 ai12 R2 
1 -2,96E-3 8,19E-3 1,03E-5 -9,33E-7 3,85E-2 5,62E-3 -7,45E-2 3,74E-2 1,38E-4 2,33E-5 8,79E-5 -5,27E-5 -2,69E-4 0,9990 
2 -1,48E-3 4,34E-3 3,89E-6 -5,33E-7 2,03E-2 4,84E-3 -4,07E-2 2,12E-2 -2,32E-4 6,36E-5 2,87E-4 -3,95E-4 -1,76E-4 0,9993 
3 -8,08E+5 1,19E+7 -1,29E+4 1,33E+3 4,42E+7 3,28E+7 -1,30E+8 8,97E+7 -3,71E+6 7,22E+5 5,22E+6 -5,93E+6 -3,17E+6 0,9996 
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The output random variables (horizontal displacement, rotation and the tensile stress) could not be treated as 
stochastically independent random variables therefore the failure probability had to be evaluated as a system 
probability by means of the so-called Ditlevsen’s bounds (1979). Consequently the lower and upper bound of the 
failure probability is given by the following inequalities: 
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Calculations are based on assessment of the probability of occurrence of each pair of elementary events, which leads 
to determine the narrowest bounds. Ditlevsen’s bounds analysis was carried out using Sysrel Symbolic 9.6 
(STRUREL 2003) and the results are shown in Table 6. For the comparison the probability PF IND has been evaluated 
basing on assumption of stochastic independence of output random variables. 
Table 5. Target reliability indices for the different reference periods in  
terms of safety costs (JCSS 2001, EN 1990, ISO 9324) and ‘moderate’  
relative safety costs after Arangio (2012).          Table 6. Reliability results. 
Codes Consequences   
EN 1990 
ISO 9324 
JCSS 
Small 
Small 
Small 
Low  
Some  
Minor 
Normal  
Moderate 
Moderate 
High 
Great 
Large 
EN 1990 50 years - 3.3 3.8 4.2 
ISO 9324 lifetime 1.3 2.3 3.1 3.8 
JCSS 50 years - 2.5 3.2 3.5 
EN 1990 1 year - 4.2 4.7 5.2 
ISO 9324 1 year 2.9 3.5 4.1 4.7 
JCSS 1 year - 3.7 4.2 4.4 
6. Closing remarks  
The presented model takes into account the impact of climate due to taking into account an additional variable of 
stress state - matric suction and an additional parameter of elasticity H. Model bases on the three-dimensional 
calculations for pile loaded by horizontal forces created the possibility for design based on the principles of 
reliability, taking into account the impact of climate as a random variable.  
Results are important from the safety point of view of structures supported piles that are commonly used as a 
support of road structures, noise barriers, rail and transmission lines in medium and low voltage pylons. 
Response surfaces for the selected output variables are built using third-degree polynomials. The quality of fitting is 
good. The range of variation was wide for random variables under consideration. This allowed examining a large 
area in searching the probability of failures. The Ditlevsen's bounds were taken into account for the calculation of 
system’s reliability. The resulting reliability index ȕ is smaller than values of individual indices corresponding to 
displacement, rotation and tensile stress, respectively. On the other hand the ȕ due to Ditlevsen’s bounds is greater 
than the value of ȕ that corresponds to PF IND . This shows the influence of the correlation between output random 
variables. Therefore reliability measures obtained by means of Ditlevsen’s can treated as more accurate.This was 
cause by lack of stochastic independence between limit state criteria analyzed in the study. 
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